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Let G be a ﬁnite group and H a subgroup of G . We say that H is
complemented in G if there exists a subgroup K of G such that
G = HK and H ∩ K = 1. For each prime p dividing the order of G
let P be a Sylow p-subgroup of G . We ﬁx in each P a subgroup
D such that 1 |D| < |P | and study the structure of G under the
assumption that each subgroup H of P with |H | = |D| and |H | =
p|D| is complemented in G .
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1. Introduction
Only ﬁnite groups are considered. A subgroup H of a group G is said to be complemented in G
if there exists a subgroup K of G such that G = HK and H ∩ K = 1. A number of authors have
examined the structure of G under the assumption that certain subgroups of G are complemented
in G . For instance, a well-known theorem of Hall states that a group G is solvable if and only if each
Sylow subgroup of G is complemented in G . Hall [6] also proved that a group G is supersolvable
with elementary abelian Sylow subgroups if and only if each subgroup of G is complemented in G .
Arad and Ward [1] proved that a group G is solvable if the Sylow 2-subgroups and the Sylow 3-
subgroups of G are complemented in G . Ballester-Bolinches and Xiuyun [2] proved that a group G is
supersolvable if E is a normal subgroup of G such that G/E is supersolvable and at least one of the
following conditions holds:
(1) Each subgroup of E of prime order is complemented in G .
(2) Each maximal subgroup of each Sylow subgroup of E is complemented in G .
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In [9], Skiba introduced the following deﬁnition:
A subgroup H of G is said to be weakly s-permutable in G if G has a subnormal subgroup T such
that G = HT and H ∩ T  HsG , where HsG is the subgroup of H generated by all those subgroups of
H which are s-permutable in G .
Skiba [9] ﬁx in each non-cyclic Sylow subgroup P of G a subgroup D satisfying 1 < |D| < |P | and
study the structure of G under the assumption that each subgroup H of P with |H| = |D| is weakly
s-permutable in G .
It is easy to ﬁnd groups with complemented subgroups which are not weakly s-permutable. Con-
versely, there are also groups with weakly s-permutable subgroups which are not complemented.
Example 1.1. Consider G = PSL(2,7). Then G = HK and H ∩ K = 1, where H and K are subgroups
of G of order 8 and 21, respectively. Both H and K are complemented in G but neither of them is
weakly s-permutable in G because G is a nonabelian simple group.
Example 1.2. Let G be a nonabelian p-group, p a prime. Then 1 = Φ(G). Clearly, Φ(G) is not comple-
mented in G but it is normal and hence is weakly s-permutable in G .
For each prime p dividing the order of G let P be a Sylow p-subgroup of G . The aim of this paper
is to ﬁx in each P a subgroup D such that 1  |D| < |P | and study the structure of G under the
assumption that each subgroup H of P with |H| = |D| and |H| = p|D| is complemented in G . Our
results extend and improve the main results of Ballester-Bolinches and Xiuyun [2].
Recall that a class  of groups is called a formation if  contains all homomorphic images of a
group in , and if G/M and G/N are in , then G/(M ∩N) is in . A formation is said to be saturated
if G/Φ(G) ∈  implies G ∈ . Throughout this paper U will denote the class of supersolvable groups.
Clearly, U is a formation. Since a group G is supersolvable if and only if G/Φ(G) is supersolvable [10,
Chap. I, Corollary 3.2], it follows that U is saturated. The U -hypercenter of a group G will be denoted
by ZU (G), that is, ZU (G) is the product of all normal subgroups H of G such that each chief factor
of G below H has prime order.
For any group G , the generalized Fitting subgroup F ∗(G) is the set of all elements x of G which
induce an inner automorphism on each chief factor of G . Clearly, F ∗(G) is a characteristic subgroup
of G [8, Chap. X, Section 13].
We prove the following two results:
Theorem 1.3. Let  be a saturated formation containing U and G a group with normal subgroup E such that
G/E ∈ . For each prime p dividing |E| let P be a Sylow p-subgroup of E and let D be a subgroup of P such
that 1 |D| < |P |. Suppose that each subgroup H of P with |H| = |D| and |H| = p|D| is complemented in G.
Then G ∈ .
Theorem 1.4. Let  be a saturated formation containing U and G a group with normal subgroup E such that
G/E ∈ . For each prime p dividing |F ∗(E)| let P be a Sylow p-subgroup of F ∗(E) and let D be a subgroup of P
such that 1 |D| < |P |. Suppose that each subgroup H of P with |H| = |D| and |H| = p|D| is complemented
in G. Then G ∈ .
2. Preliminaries
Lemma 2.1. (See [2].) Let G be a group and E a normal subgroup of G.
(i) If H  K  G and H is complemented in G, then H is complemented in K .
(ii) If E  H and H is complemented in G, then H/E is complemented in G/E.
(iii) Let π be a set of primes. Let E be a π ′-subgroup of G and let H be a π -subgroup of G. Then H is comple-
mented in G if and only if H E/E is complemented in G/E.
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smallest prime dividing |G|. If each maximal subgroup of P is complemented in G, then G is p-nilpotent.
Lemma 2.3. (See [4, Chap. 8, Theorem 3.1].) If P is a Sylow p-subgroup of G, p odd, and NG(Z( J (P ))) is
p-nilpotent, then G is p-nilpotent.
Lemma 2.4. (See [7, VI, Hilfssatz 6.3].) If G/Φ(G) is p-nilpotent, then G is p-nilpotent.
Lemma 2.5. (See [2].) Let G be a group of even order and let P be a Sylow 2-subgroup of G. If each maximal
subgroup of P is complemented in G, then G is 2-nilpotent.
As an immediate consequence of Guralnick’s theorem [5], we have the following lemmas:
Lemma 2.6. If G possesses two subgroups K and T such that [G : K ] = 2r and [G : T ] = 2r+1 (r  3) and T
is not a 2′-Hall subgroup of G, then G is not a nonabelian simple group.
Lemma 2.7. (See [10, Theorem 6.3 of Appendix C].) Let P be a normal p-subgroup of G such that |G/CG(P )| is
a power of p. Then P  Z∞(G).
Lemma 2.8. (See [10, Chap. 1, Theorem 7.19].) Let H be a normal subgroup of G. Then H  ZU (G) if and only
if H/Φ(H) ZU (G/Φ(H)).
Lemma 2.9. (See [3, Chap. IV, Proposition 3.11].) If 1 and 2 are two saturated formations such that 1 ⊆ 2 ,
then Z1 (G) Z2 (G).
Lemma 2.10. (See [3, Chap. IV, Theorem 6.10].) If  is a saturated formation, then [G, Z(G)] = 1.
Lemma 2.11. (See [8, Chap. X, Theorem 13.10, Corollary 13.7(d) and Theorem 13.12].) Let G be a group. Then:
(i) If F ∗(G) is solvable, then F ∗(G) = F (G).
(ii) CG (F ∗(G)) F (G).
3. Results
Lemma 3.1. Let G be a group and let P be a Sylow p-subgroup of G, where p is the smallest prime dividing |G|.
If each subgroup of P of order p is complemented in G, then G is p-nilpotent.
Proof. We use induction on |G|. Let H be a subgroup of P of order p. By the hypothesis, there exists
a subgroup K of G such that G = HK and H ∩ K = 1. Since p is the smallest prime dividing |G|, we
have K  G . Hence if p  |K |, the result holds. Thus p||K | and P = H(P ∩ K ). Clearly P ∩ K is a Sylow
p-subgroup of K . Then each subgroup of P ∩ K of order p is complemented in G and so in K by
Lemma 1.2(i). Hence K is p-nilpotent by induction. Since K is p-nilpotent and K  G , we have G is
p-nilpotent. 
The following result may be considered as a generalization of Lemma 2.2. We shall, however, make
use of Lemma 2.2 in the proof of our result.
Lemma 3.2. Let G be a group of odd order and let P be a Sylow p-subgroup of G, where p is the smallest
prime dividing |G|. Let D be a subgroup of P such that 1 |D| < |P |. Suppose that each subgroup H of P with
|H| = |D| and |H| = p|D| is complemented in G. Then G is p-nilpotent.
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(1) |D| > p. If not, 1 |D| p. Then by the hypothesis each subgroup of P of order p is comple-
mented in G . Hence G is p-nilpotent by Lemma 3.1, a contradiction.
(2) |P | > p|D|.
If not, |P | = p|D|. Then by the hypothesis each maximal subgroup of P is complemented in G .
Hence G is p-nilpotent by Lemma 2.2, a contradiction.
(3) O p(G) = 1.
Set N = NG(Z( J (P ))). Hence if O p(G) = 1, N < G . Clearly, P  N . By Lemma 2.1(i), the hypothesis
is true for N . Then N is p-nilpotent by our minimal choice of G . Hence G is p-nilpotent by Lemma 2.3,
a contradiction.
(4) O p′ (G) = 1.
If not, O p′(G) = 1. By Lemma 2.1(iii), the hypothesis is true for G/O p′ (G). Then G/O p′ (G) is p-
nilpotent by our minimal choice of G and so G is p-nilpotent, a contradiction.
(5) Φ(G) = 1.
If not, Φ(G) = 1. By (4), Φ(G) O p(G). Set P¯ = P/Φ(G) and G¯ = G/Φ(G). Hence if 1 < |Φ(G)| <
|D|, each subgroup H¯ of P¯ with |H¯| = |D||Φ(G)| and |H¯| = p|D||Φ(G)| is complemented in G¯ by Lemma 2.1(ii).
Then G¯ is p-nilpotent by our minimal choice of G . Hence G is p-nilpotent by Lemma 2.4, a con-
tradiction. Thus |Φ(G)|  |D|. Then by the hypothesis each subgroup H of Φ(G) with |H| = |D| is
complemented in G , a contradiction.
(6) If O p(G) < P , then G/O p(G) is p-nilpotent.
Set G¯ = G/O p(G), P¯ = P/O p(G) and N1 = NG¯(Z( J ( P¯ ))). Let N1 and K1 be the inverse images
of N1 and Z( J ( P¯ )) respectively, in G . Then N1 = NG(K1) and O p(G) < K1. Clearly P  N1, because
P¯  N1. Since O p(G) < K1, we have N1 < G . By Lemma 2.1(i), the hypothesis is true for N1. Then
N1 is p-nilpotent by our minimal choice of G and so N1 is p-nilpotent. Hence G¯ is p-nilpotent by
Lemma 2.3.
(7) O p(G) = P .
If not, O p(G) < P . By (6), there exists a normal subgroup M of G such that |G/M| = p. Let P1 be
a Sylow p-subgroup of M . By (2), |P1| p|D|. By Lemma 2.1(i), the hypothesis is true for M . Then M
is p-nilpotent by our minimal choice of G and so G is p-nilpotent, a contradiction.
(8) |L| |D| for any minimal normal subgroup L of G contained in P .
If not, |L| > |D|. By (1), |D| > p. Now let H be a subgroup of L such that |H| = |D|. By the
hypothesis, there exists a subgroup T of G such that G = HT and H ∩ T = 1. Then L = H(L ∩ T ) and
L ∩ T is a proper normal subgroup of T . By (5) and (7), P is abelian. Hence L ∩ T is normal in G
which contradicts the minimality of L.
(9) |L| < |D| for any minimal normal subgroup L of G contained in P .
If not, |L|  |D|. By (8), |L|  |D|. Then |L| = |D|. By Lemma 2.1(ii), each subgroup of P/L of
order p is complemented in G/L. Then G/L is p-nilpotent by Lemma 3.1. Hence G is p-nilpotent by
a discussion similar to step (7), a contradiction.
(10) Final contradiction.
Let L be a minimal normal subgroup of G contained in P . By (9), |L| < |D|. Set G¯ = G/L and
P¯ = P/L. By Lemma 2.1(ii), each subgroup H¯ of P¯ with |H¯| = |D||L| and |H¯| = p|D||L| is complemented
in G¯ . Then G¯ is p-nilpotent by our minimal choice of G . Hence G is p-nilpotent by a discussion
similar to step (7), a contradiction. 
As a corollary of the proof of Lemma 3.2, we have:
Lemma 3.3. Let G be a group of even order and let P be an abelian Sylow 2-subgroup of G. Let D be a
subgroup of P such that 1 |D| < |P |. Suppose that each subgroup H of P with |H| = |D| and |H| = 2|D| is
complemented in G. Then G is 2-nilpotent.
The following result may be considered as a generalization of Lemma 2.5. We shall, however, make
use of Lemma 2.5 in the proof of our result.
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such that 1 |D| < |P |. Suppose that each subgroup H of P with |H| = |D| and |H| = 2|D| is complemented
in G. Then G is 2-nilpotent.
Proof. Let G be a counterexample of minimal order. Then:
(1) P is nonabelian.
If P is abelian, then G is 2-nilpotent by Lemma 3.3, a contradiction.
(2) |D| > 2.
If not, 1 |D| 2. Then by the hypothesis each subgroup of P of order 2 is complemented in G .
Hence G is 2-nilpotent by Lemma 3.1, a contradiction.
(3) |P | > 2|D|.
If not, |P | = 2|D|. Then by the hypothesis each maximal subgroup of P is complemented in G .
Hence G is 2-nilpotent by Lemma 2.5, a contradiction.
(4) G is not a nonabelian simple group.
By the hypothesis, |D| < |P |. By (1), 2 < |D|. Then P contains a proper subgroup H such that
|H| = |D|. By the hypothesis, H is complemented in G , so there exists a subgroup K of G such that
[G : K ] = |H| = |D| = 2r . Hence if r = 2, G is not a nonabelian simple group. Thus r  3. On the other
hand, 2|D| < |P | by (3), so P contains a proper subgroup L such that |L| = 2|D|. By the hypothesis,
L is complemented in G , so there exists a subgroup T of G such that [G : T ] = 2|D| = 2r+1. Now
Lemma 2.6 implies that G is not a nonabelian simple group.
(5) O 2′ (G) = 1.
See step (4) of the proof of Lemma 3.2.
(6) There exists a minimal normal subgroup L of G such that L  P .
By (4) and (5), G has a minimal normal subgroup of even order which is proper in G . Let P1 be a
Sylow 2-subgroup of L. If |P1| > |D|, then L is 2-nilpotent by our minimal choice of G and so L is a
2-group. If |P1| |D|, then there exists a subgroup H of P such that P1  H and |H| = 2|D|. Clearly
HL is a subgroup of G . By (3), HL < G . Then HL is 2-nilpotent by our minimal choice of G . Hence L
is 2-nilpotent and so L is a 2-group.
(7) Let L be a minimal normal subgroup of G contained in P . Then |L| |D|.
If not, |L| > |D|. By (2), |D| > 2. Then L is elementary abelian 2-group and so L < P by (1). Let
Q be any Sylow subgroup of G such that (2, |Q |) = 1. Then LQ is a proper subgroup of G . Since
|L| > |D|, it follows that LQ is 2-nilpotent by our minimal choice of G and so LQ = L × Q . Hence
G/CG (L) is a power of 2 and so L  Z∞(G) by Lemma 2.7. Since L is a minimal normal subgroup
of G , we have |L| = 2 which contradicts that |D| > 2. Thus |L| |D|.
(8) G/L is 2-nilpotent.
By (7), |L| |D|. If |L| = |D|, then each subgroup of P/L of order 2 is complemented in G/L and
so G/L is 2-nilpotent by Lemma 3.1. If |L| < |D|, then each subgroup H¯ of P/L with |H¯| = |D||L| and
|H¯| = 2|D||L| is complemented in G/L by Lemma 3.1(ii), so G/L is 2-nilpotent by our minimal choice
of G .
(9) Final contradiction.
By (8), G/L is 2-nilpotent. Then there exists a normal subgroup M of G such that |G/M| = 2. Let
P1 be a Sylow 2-subgroup of M . By (3), |P1| 2|D|. Then M is 2-nilpotent by our minimal choice of
G and so G is 2-nilpotent, a contradiction. 
Lemma 3.5. Let P be a normal p-subgroup of G. If each subgroup of P of order p is complemented in G, then
P  ZU (G).
Proof. Assume that the result is false and let (G, P ) be a counterexample for which |G||P | is minimal.
We argue that Φ(P ) = 1. If not, Φ(P ) = 1. Let H be a subgroup of Φ(P ) of order p. By the hypothesis,
there exists a subgroup K of G such that G = HK and H ∩ K = 1. Clearly, P = H(P ∩ K ) and H ∩
(P ∩ K ) = 1. Since H Φ(P ), we have P = Φ(P )(P ∩ K ) = P ∩ K , a contradiction. Thus Φ(P ) = 1 and
so P is elementary abelian. If |P | = p, then P  ZU (G), a contradiction. Now we may assume that
|P | = pn (n  2). Let H be a subgroup of P of order p. By the hypothesis, there exists a subgroup K
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By Lemma 2.1(i), each subgroup of P ∩ K of order p is complemented in G . Then P ∩ K  ZU (G) by
the choice of G and since |P/(P ∩ K )| = p, we have P  ZU (G), a contradiction. 
Lemma 3.6. Let P be a normal p-subgroup of G. If each maximal subgroup of P is complemented in G, then
P  ZU (G).
Proof. Assume that the result is false and let (G, P ) be a counterexample for which |G||P | is minimal.
We treat with the following two cases:
Case 1. Φ(P ) = 1.
By Lemma 2.1(ii), each maximal subgroup of P/Φ(P ) is complemented in G/Φ(P ). Then
P/Φ(P ) ZU (G/Φ(P )) by the choice of G . Hence P  ZU (G) by Lemma 2.8, a contradiction.
Case 2. Φ(P ) = 1.
Then P is elementary abelian. If |P | = p, then P  ZU (G), a contradiction. Now we may assume
that |P | = pn (n  2). Let P1 be a maximal subgroup of P . By the hypothesis, there exists a sub-
group K of G such that G = P1K and P1 ∩ K = 1. Clearly P = P1(P ∩ K ) and P ∩ K is a normal
subgroup of G of order p. By Lemma 2.1(ii), each maximal subgroup of P/(P ∩ K ) is complemented
in G/(P ∩ K ). Then P/(P ∩ K ) ZU (G/(P ∩ K )) by the choice of G and since |P ∩ K | = p, we have
P  ZU (G), a contradiction. 
Lemma 3.7. Let P be a normal p-subgroup of G. Let D be a subgroup of P such that 1 |D| < |P |. Suppose
that each subgroup H of P with |H| = |D| and |H| = p|D| is complemented in G. Then P  ZU (G).
Proof. Assume that the result is false and let (G, P ) be a counterexample for which |G||P | is minimal.
Then:
(1) |D| > p.
If not, 1 |D| p. By the hypothesis, each subgroup of P of order p is complemented in G . Then
P  ZU (G) by Lemma 3.5, a contradiction.
(2) |P | > p|D|.
If not, |P | = p|D|. By the hypothesis, each maximal subgroup of P is complemented in G . Then
P  ZU (G) by Lemma 3.6, a contradiction.
(3) Φ(P ) = 1.
If not, Φ(P ) = 1. Hence if |Φ(P )| < |D|, each subgroup H¯ of P/Φ(P ) with |H¯| = |D||Φ(P )| and
|H¯| = p|D||Φ(P )| is complemented in G by Lemma 2.1(ii). Then P/Φ(P )  ZU (G/Φ(P )) by the choice
of G . Hence P  ZU (G) by Lemma 2.8, a contradiction. Thus |Φ(P )|  |D|. By (1), |D| > p. Let H
be a subgroup of Φ(P ) with |H| = |D|. By the hypothesis, H is complemented in G and so in P , a
contradiction.
(4) If H is a subgroup of P with |H| = |D|, then there exists a normal p-subgroup L of G such
that 1< |L| |D|.
By the hypothesis, there exists a subgroup K of G such that G = HK and H ∩ K = 1. Then P =
H(P ∩K ). Set L = P ∩K . Since P  G = P K and P is abelian by (3), we have LG . By (1), |D| > p and
since D < P , we have 1 < L < P . Assume that |L| > |D|. Then each subgroup H of L with |H| = |D|
and |H| = p|D| is complemented in G by Lemma 2.1(i). Hence L  ZU (G) by the choice of G and so L
contains a subgroup N such that N is normal in G of order p. By (1), |N| < |D|. By Lemma 2.1(ii), each
subgroup H¯ of P/N with |H¯| = |D||N| and |H¯| = p|D||N| is complemented in G/N . Then P/N  ZU (G/N)
by the choice of G and since |N| = p, we have P  ZU (G), a contradiction.
(5) |L| < |D|.
If not, |L| |D|. By (4), |L| |D|. Then |L| = |D|. By the hypothesis, each subgroup of P/L of order
p is complemented in G/L. Then P/L  ZU (G/L) by Lemma 3.5. Hence there exists P1/L  P/L such
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and since |P/P1| = p, we have P  ZU (G).
(6) Final contradiction.
By (5), |L| < |D|. By Lemma 2.1(ii), each subgroup H¯ of P/L with |H¯| = |D||L| and |H¯| = p|D||L| is
complemented in G/L. Then P/L  ZU (G/L) by the choice of G . Hence P  ZU (G) by a discussion
similar to step (5), a contradiction. 
Proof of Theorem 1.3. We use induction on |G|. By Lemma 2.1(i), each subgroup H of P with
|H| = |D| and |H| = p|D| is complemented in E . By Lemmas 3.2 and 3.4, E possesses an ordered
Sylow tower of supersolvable type. Then R char E , where R is a Sylow r-subgroup of E and r is
the largest prime dividing |E|, and since E  G , we have R  G . Since (G/R)/(E/R) ∼= G/E ∈  and
the hypothesis is still true for E/R by Lemma 2.1(iii), we have G/R ∈  by induction on |G|. Since
R  ZU (G) by Lemma 3.7 and ZU (G) Z(G) by Lemma 2.9, we have R  Z(G) and so G ∈ . 
Proof of Theorem 1.4. We use induction on |G|. By Lemma 2.1(i), each subgroup H of P with
|H| = |D| and |H| = p|D| is complemented in F ∗(E). By Lemmas 3.2 and 3.4, F ∗(E) possesses an
ordered Sylow tower of supersolvable type. In particular, F ∗(E) is solvable and so F ∗(E) = F (E)
by Lemma 2.10(i). By Lemma 3.7, F (E)  ZU (G) and since ZU (G)  Z(G) by Lemma 2.9, we have
F (E) Z(G). By Lemma 2.10, G/CG(Z(G)) ∈  and since F (E) Z(G), we have G/CG (F (E)) ∈ .
By the hypothesis, G/E ∈  and since G/CG (F (E)) ∈ , we have G/CE (F (E)) ∈ . But CE (F (E)) =
CE (F ∗(E)) F (E) by Lemma 2.11(ii) and since G/CE (F (E)) ∈ , we have G/F (E) ∈ . Hence G ∈  by
Theorem 1.3. 
4. Some applications of Theorems 1.3 and 1.4
Corollary 4.1. Let  be a saturated formation containing U and G a group with a normal subgroup E such that
G/E ∈ . If each subgroup of E of prime order is complemented in G, then G ∈ .
Corollary 4.2. (See Ballester-Bolinches and Xiuyun [2].) Let G be a group and let E be a normal subgroup
of G such that G/E is supersolvable. If each subgroup of E of prime order is complemented in G, then G is
supersolvable.
Corollary 4.3. Let  be a saturated formation containing U and G a group with a normal subgroup E such
that G/E ∈ . If all maximal subgroups of each Sylow subgroup of E are complemented in G, then G ∈ .
Corollary 4.4. (See Ballester-Bolinches and Xiuyun [2].) Let G be a group and let E be a normal subgroup of G
such that G/E is supersolvable. If all maximal subgroups of each Sylow subgroup of E are complemented in G,
then G is supersolvable.
Let U∗ be the class of groups G such that G ′ is nilpotent. Then U∗ is clearly a formation. Since the
commutator of a supersolvable group is nilpotent, it follows that U ⊆ U∗ . Moreover, U∗ is saturated
by [7, III, Satz 3.5]. Thus we have:
Corollary 4.5. Let G be a group with a normal subgroup E such that G/E ∈ U∗ . For each prime p dividing |G|
let P be a Sylow p-subgroup of E and let D be a subgroup of P such that 1  |D| < |P |. Suppose that each
subgroup H of P with |H| = |D| and |H| = p|D| is complemented in G. Then G ∈ U∗ , that is, G ′ is nilpotent.
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